We propose a lattice statistical model to investigate the phase diagrams and the soft responses of nematic liquid-crystal elastomers. Using suitably scaled infinite-range interactions, we obtain exact self-consistent equations for the tensor components of the nematic order parameter in terms of temperature, the distortion and stress tensors, and the initial nematic order. These equations are amenable to simple numerical calculations, which are used to characterize the low-temperature soft regime. We find a peculiar phase diagram, in terms of temperature and the diagonal component of the distortion tensor along the stretching direction, with first-and second-order transitions to the soft phase, and the prediction of tricritical points. This behavior is not qualitatively changed if we use different values of the initial nematic order parameter.
I. INTRODUCTION
Since de Gennes' pioneering work in 1969 [1] , liquid crystal elastomers have continually interested theoreticians, in part due to their intriguing mechanical and orientational behavior. Although much knowledge has been accumulated, specially from the application of continuum theories [2] [3] [4] [5] and numerical simulations [6] [7] [8] , there are just a few insights from microscopic statistical models [9] [10] [11] . The neoclassical theory of elasticity is a step forward, as it provides a statistical basis for the elastic properties of nematic elastomers (NEs), and has been successfully applied to a number of phenomena [12] [13] [14] . This approach, however, is based on a global average tensor for the nematic order parameter, and hence cannot be strictly regarded as a microscopic calculation. In a previous paper, we developed a mean-field approach [11] based on a statistical model used by Selinger and Ratna [9] , which combines the neo-classical theory and a lattice version of the Maier-Saupe theory of the isotropic-nematic transition [15] . The present work is an outgrowth of our previous treatment. We now look at the soft response and the soft transitions of NEs.
It is known that NEs may exhibit soft response. One of the typical features of soft behavior is the response of stress to distortion of the sample, as we sketch in Fig. 1 . Consider a sample of a nematic elastomer that has been initially cross-linked in the nematic state, with orientational order along the anisotropic z-axis, for example. In many experiments, the nominal stress is measured as a function of an applied uniaxial deformation along a direction perpendicular to this anisotropy axis (the x axis, for example). Let us call λ the xx-component of the distortion tensor, and σ the xx-component of the nominal stress. Soft response is observed at the almost level region between λ 1 and λ 2 in Fig. 1 [16] . If it is plotted * dl778@cornell.edu versus strain, the stress presents a rather flat plateau in the soft region. This plateau is related to a vanishing of the elastic modulus that measures the energy associated with shear in the xz-plane [4] . It has been interpreted in terms of rotations of the distribution of shapes of the anisotropic chains without distortion [17] . This plateau has also been associated with a genuine phase transition [18] , with the spontaneous emergence of a non-vanishing shear component of the strain tensor along the xz-plane. In fact, the xz-component of the strain increases from zero at λ 1 , reaches a maximum value, and then decreases to zero again at λ 2 . The nematic phase is uniaxial for λ < λ 1 (along the z direction) and for λ > λ 2 (along the x-direction). In this paper we investigate the static properties of a mean-field statistical model to describe the soft transition in nematic elastomers. Our most important result is the phase diagram of Fig. 2 , in terms of the xx-component of the distortion tensor λ and temperature T . We characterize a uniaxial and a soft phase [19] . The standard uniaxial phase (with the nematic anisotropy changing from z to x directions) is associated with no shear along the xz-plane. The soft phase is still uniaxial nematic, but displays a finite shear strain component along the xzplane. The solid and dashed lines represent second and first-order transitions to the soft phase respectively. The two continuous transition lines meet the coexistence line at two tricritical points, at λ ′ 1 and λ ′ 2 . This general qualitative behavior does not depend on the initial nematic order. In the next section, we use some ideas of our previous approach [11] to construct a more complete model for the nematic elastomers. In Section III, we describe some of the steps to obtain the analytical solutions of this problem in the mean-field approximation. In section IV, we study the numerical solutions of the self-consistent equations and discuss the most important results. A summary of these results is presented in the last Section. 
Soft Phase

II. MODEL
In this approach, the principal axes of uniaxial mesogens are associated with a set of vectors ({n i }, i = 1, · · · , N ) defined in the unit sphere (|n i | = 1). We consider a soft quadrupolar form [15, 20] for the energy of interaction between mesogens,
where the first sum is restricted to pairs of nearest neighbors of an arbitrary crystalline lattice [21] . The uniaxial quadrupole moments may be written in terms of the local vector components (n µ i , µ ∈ {x, y, z}) as
where δ µν is the Kronecker delta. Deformations are described by the distortion tensor Λ, with components Λ µν = ∂R µ /∂R 0,ν , where R µ and R 0,µ are the spatial coordinates of a point in the reference and target spaces, respectively [22, 23] . In this paper we consider a coarse-grained homogeneous distortion tensor. The homogeneity assumption is made for mathematical simplicity. It leaves out the possibility of emergent micro-structured behavior, as discussed in the Conclusions section. Nonetheless, the model lends itself to in-depth analytical calculations. We also assume that the elastic part of the system's free energy arises exclusively from entropic effects, so that rubber elastic effects can be approximated by a degeneracy factor in the partition function,
Accordingly, this degeneracy factor [9, 11] may be associated with the "trace formula" derived in WarnerTerentjev theory of elasticity [14] ,
where n s is the number of strands per unit volume. l i is an effective shape tensor, and l 0,i is an effective shape tensor at the time of cross-linking, and may be written in terms of the quadrupole moments as
where a and b are positive constants [24] , and we have introduced the components of the local nematic order tensor S αβ 0,i at the time of cross-linking. We consider {S 0,i } as a set of quenched i.i.d. random variables, satisfying the discrete probability distribution,
, with probability 1/3 − p/2, S y , with probability 1/3 − p/2, S z , with probability 1/3 + p,
where
Notice that there is a preferred orientational ordering along the z-axis for p ∈ [0, 2/3]. Also, according to the law of large numbers,
where S 0 is the scalar nematic order parameter at the time of cross-linking, and the last equality follows from a standard parametrization for uniaxial nematic systems. Now we can relate p and S 0 through
which turns out to be a convenient way of incorporating the reference space anisotropy into the theory. We call the attention to the fact that our choice for the simple discrete distribution of Eq. (7) can be easily replaced by more realistic model-specific distributions. After some algebra, the local shape tensor at the time of cross-linking may be written as
where we have defined random-field-like variables L i , which satisfy the probability distribution,
with
Now we can plug (13) back in the trace formula to write
We can also associate a set of matrices S i with the tensorial components S µν i , so that
The partition function is then given by
and the free energy,
is the free energy of the isotropic rubber.
III. MEAN-FIELD CALCULATIONS
Exact analytical results at the mean-field level can be obtained by considering a simplified model with adequately scaled fully-connected interactions [25] [26] [27] . In the present approach, we replace soft quadrupole interactions by what we call Maier-Saupe model [11, [28] [29] [30] ,
where the scale with N ensures the existence of a welldefined thermodynamic limit. In contrast with our previous approach [11] , we will not use the Zwanzig approximation in this work [31] , since we have not found a globally stable soft solution for the discrete model. The fullcontinuum model turns out to be computationally costly though. In order to linearize the quadratic form in Eq.
(23), we use a set of Gaussian identities,
where dµ Q = µ,ν βAN/2π dQ µν . Thus,
Now we are able to write the sum over states as
where S 2 = π 0 sin φdφ 2π 0 dθ denotes an integral over the surface of a unit sphere. After some algebra, the free energy reads
µ∈{x,y,z}
where we have applied the law of large numbers to simplify the random-field interaction term. In the limit of large N , the integral over the Q-variables in Eq. (27) may be evaluated by Laplace's method, so that [32] ,
where the order parameter components satisfy the set of self-consistent equations,
S αβ e Gµ(Q,Λ,Hµ)
IV. RESULTS
Henceforth we consider dimensionless variables f ↔ f /A, kT /A ↔ T to simplify the equations, so that
and,
We consider the following parametric form for the global distortion tensor in cartesian coordinates,
which describes incompressible deformations (detΛ = 1) with a shear component in the xz-plane. In our numerical analysis, we will keep λ fixed, and study the dependence of the free energy on κ. In the stationary point, ∂f /∂κ = 0 implies
The first Piola-Kirchhoff, or engineering, stress tensor [14, 33] is defined by
The equation for σ xx = σ is then given by
At last, the order parameter tensor Q may be represented by the traceless symmetric matrix,
where Q yx = Q yz = 0 by symmetry arguments. The free energy behavior near the second and firstorder transitions in the phase diagram of Fig. 2 is illustrated in Fig 3. In Fig. 3a) , we plot f (κ) − f (0) as a function of κ, for S 0 = 0.1, T = 0.3, and several values of λ. Notice that the free energy has minima at κ = 0 and κ = 0, for λ < λ 1 and λ > λ 1 respectively. The transition from the uniaxial nematic phase along the z-direction to the soft phase is of second order, with the solution κ = 0 emerging continuously from zero at λ = λ 1 . Under further stretching, the minimum free energy solution for κ reaches a maximum, and then decreases continuously to zero at λ = λ 2 , signaling another transition to a uniaxial nematic phase with orientational order along the x-direction. This type of behavior is reproduced for all S 0 at sufficiently low temperatures. In Fig. 3b ), we plot f (κ) − f (0) as a function of κ, for S 0 = 0.4, λ = 1.08, and several temperatures. For a range of temperatures the free energy presents two local minima for the same λ, one at κ = 0 and the other at κ = 0. For T > T s , the minimum at κ = 0 has a higher free energy, and the solution is metastable. This behavior is reversed for T < T s , where the solution κ = 0 becomes metastable, so that the system is in the soft phase. The two solutions have the same free energy at T = T s , characterizing a first-order phase transition. At constant low-enough temperature, the engineering stress response is different in each of the three regions: λ < λ 1 ; λ 1 < λ < λ 2 ; and λ > λ 2 (Fig. 4) . For λ < λ 1 , the solution with κ = 0 minimizes the free energy, so that Q xz = 0, and the state is uniaxial nematic with orientational order along the z-axis. For λ 1 < λ < λ 2 , the solution with κ = 0 minimizes the free energy, the response is soft, with a very short slope in the λ × σ curve. As it happens, the nematic solution is also uniaxial over the whole soft region, since Q always has two degenerate eigenvalues. Incidentally, the strain tensor is generally biaxial. The distortions λ 1 and λ 2 signal two second-order phase transitions. Within the soft phase, the shear component κ increases continuously from zero at λ 1 , reaches a maximum, and then decreases until it reaches zero at λ 2 (Fig. 5) , and the free energy presents a shallow bottom (inset in Fig. 5 ). For λ > λ 2 , the solution with κ = 0 minimizes the free energy again, Q xz = 0, and the state is uniaxial nematic with orientational order along the x-axis. Notice that we explore the more comprehensive deformation range that includes sample compression, for λ < λ eq , where λ eq is the value of λ for which σ = 0. Below λ eq the nominal stress is naturally negative. If we restrict the plot to the region of positive nominal stress only, our results suggest a "soft", instead of "semisoft" response, according to the standard terminology. The same qualitative behavior is observed for all S 0 at sufficiently low temperatures. Fig. 6 displays a phase diagram in terms of the initial scalar nematic order and the distortion factor, for T = 0.3. The lines represent second-order phase transitions. Notice that S 0 yields only to a shift of the soft region. This topology is always found for sufficiently low temperatures, but might change in the neighborhood of one of the tricritical points.
In Fig. 7 we plot κ as a function ofλ 1 along the coexistence line of approximately as κ ∼λ 1/2
1 . This approximate exponent slightly changes depending on the tricritical point considered (on the left or right), and for different S 0 as well. It is interesting to speculate whether this behavior is expected to be found in finite-dimensional simulations and/or experiments. On the one hand, for the Ising model, with a few assumptions for the correlation function calculation, Ginzburg's criterium establishes that tricritical behavior has upper-critical dimension d = 3 [34] . Roughly speaking, that means that close enough to tricritical points, predictions from mean-field theory are quantitatively reliable for realistic three-dimensional systems. On the other hand, the upper-critical dimension for the quenched random-field Ising model is six. Whereas a proper analysis of the Ginzburg criterium is still missing for our model, it would be interesting if the present work could stimulate further investigations on the tricritical behavior by numerical simulations and experiments. As far as the author know, the present work is the first paper reporting on the existence of tricritical points for transitions to the soft phase of nematic elastomers. close to the tricritical point.
V. CONCLUSIONS
Along the lines of a previous work [11] , we introduce a lattice statistical model for the description of some peculiar features of soft nematic elastomers. This model includes a full continuum of orientations of the local directors, and suitable quantities to incorporate the initial nematic order. At the mean-field level, for a fully connected system, we use standard methods of statistical mechanics and numerical analysis to draw a phase diagram in terms of temperature and the distortion factor, which displays first-and second-order phase transitions, and the emergence of tricritical points. The soft phase is characterized by a non-vanishing shear component of the distortion tensor. Also, although our model yields to three distinct eigenvalues for the strain tensor, the nematic phase is still uniaxial in the soft region.
We hope that our analysis stimulates further investigation of the tricritical behavior of soft nematic elastomers, especially by means of numerical simulations of finite-dimensional systems and experiments. At last, we believe that a microscopic statistical model for elastomers should make room for inhomogeneities of the strain tensor, which have not been incorporated in our global spatially-uniform distortion tensor. These inhomogeneities are related to domain structures of real systems [35] [36] [37] , which is a topic of capital interest for a future work on soft nematic elastomers.
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